
Descriptive Set Theory
Lecture 11

Theorem
. (a) Player 1 has a winning strategy <⇒ B ≥ perfect st≠0.

(b) Player 2 has a winning strategy ⇔ B is dbl.

Proof
. (b) <= . let D= { bn}new .

For the 4ᵗʰ
,
when offered disjoint open

sets U !" and UM
,
take the one that doesn't contain bn

.

⇒
.
Now suppose 0 is a winning strategy for P2

.

We say tht a position p := lluiiiui" ) , i. , . . .

, Kitai
"/in )

in 0 is good for a point ✗ C- ✗ if ✗ c- Ui?'
,
i. e

✗ is still a possible outcome of the game .

live r in a winning strategy for P2
,
each BEB

has a maximal good position per , i. e. & q≥,p
in on it

. q is still good for b. In other words
,

B ≤ U Mp ,
here Mp : - { ✗ C- ✗ :p is wax - good And

PEO

p even

sine r is tht
,
it remains to show tht each Mp is

d-bl
.

But we show tht
,
in fact

,
/ Mpl ≤ 1

. Suppose

Mp contains ✗≠g . Then 7 (U ai"") it .

UH > × I Ui"
-"b-

y d 's a legal move Ar Pl .
u!
" ai"" But then no utter what P2 plays ,

the resulting position
•✗ '

y



pike Hi"") - in, is still good for ✗ or ycontradictingthe maximal goodness at p fer both ✗ at y .

b.

Corollary IAD) . All sets in Polish spaces have the PSP
.

Proof. By restricting to the perfect kernel/ of a given Polish space

✗ , we may assure WLOL tht ✗ is nonempty perfect.
But then AD implies tht the cat - and - choose gaae

4% (D) is determined for ang sit B ≤ ✗
,
hence B has

the PSP
.

Baire measwability /property. For an ideal I on a sit ✗
,

define an equivalence relation =
,
on PIX) hg :

A =
,
B :<⇒ A AB c- I

.

This is an ey.nl . bean AAA = ∅ c- I
,
A is countafire

,

and "A=±B I B--Il ⇒ Aac =/Aa B) a (Bae) ≤ A-a-B) v1Bad
c- I ⇒ A-⇒c) ?

Secret. A operation makes PG) into an abelian group
vih ∅ as

the identity , in which
every element has order 2

.

Indeed
,
AAA -_∅ so the only thing to check is



associativity:AALBAC = = CALAAB) =(AAB) AC.

ht MURLX) be the wideal of meager sets in a top paced.
We knote of the ex rel. -MaRex on OCX).

Def. A subst ACX is Baire measurable (or has the Baire

property) if A-*U for some
open U2X.

Prop. The collection BMIX) of Baire meas. As is a r-algebra
containing all

open cuts, hence all Bowel sets,
Proof. Complements:If A:** Sor U

open, then A'-*le" so

it'senough to show lot closed sets are Baire measurable.

But for a closed set FF =(1 int (1) v int (A)
& Since Flint (E) is nowhere dense, we get F =P int(#).
(Al-unions.If An =0Un open, Run UAn=0YUn bease

We

CUAn A VUn)oU <AnAUn).

Upgrade property. For any hop space Xd AX, TFAE:
C) A is Baire measurable,

1) A= GUM br some ho Grd M
meager sets.



(3) A = FIM for une F Fo U M
meager sch .

Proof
.
41⇒(2) .

A%
,
i.e . A all is meager

≤ Y Fa , here
u

g.
ewh Fu is closed nowhere dense

,
so 6 :=U\YFg

Ac d A = h UM
,
there M :'-(Y Fu) AA .

foameager
Corollary . Every Baire measurable subset A of a Polish space ✗

contains a nonempty perfect sit .
Proof

. By the upgrade property , A-- GUM
,
here his ar

and M is meager , so h in noumea yer . thus
, C

is an arch Polish space ⇒ entails a aenepty
perfect set .

Corollary LAN , Evey unufbl Polish space
has a non - Baire -

measurablesubset
.

Proof
.

let BEX be a Bernstein set
,
i.e . B at B

'

don't
contain a noueupfy perfect set . But ✗ = BUB

'

,
so

bene ✗ is Baire
,

one of B or B
'

has to be non -

meager , so it is not Baire measurable by the

previous corollary .



Def . let ✗ it be top spaces . A function f : ✗ → Y is called

Baire measurable if the f- preimage d- every open at is
Daire measurable

.

Prop . let 11,4 be top. spaces , Y
2ⁿᵈ dbl

. Ay Baire measurable f :X- Y is

continuous on a comeager set, i. e.
7 coneager

✗
'
≤✗ at . f)

× ,
:✗↳ Y

is continuous
.

Proof
. Fix a ctbl basis (Vu) ke Y

.
It's enough to

make sure tht f
"

(Vu) is open for every new
.

But d-
"

(Vu) * Un fer sone open Uu ≤✗ . We through act
f-
'

(Va) a Un for X
,
i. e. let ✗

'
:-X \ Ylf"(Vas alla) .

Then ( Fl# (Vu) = Unni !

localization
.

This means restricting to sow/all open sets .

100% lemma
.

For a Baire meas
.

set A in a top . space X ,
if A is uoumeayer, then it is uemeager in some

nonempty open set U
,
i. e. And is couageriall ,

i. e. UIA is meager
in U ( equiv. in X)

.

Proof
.

A __* U
,
here U is open .

If A is uoieager , then U≠∅



and UIA in wager.

We define the forcing relation U It B for an open
sett

at a set BEX he mean tht ULB is meager
4:X

or equiv . in U) . In other words
,
if we think D- as the

set of points of colour bke
,
then UH-13

says kt 100% at

U is blue
. We read U 11-13 as it forces B.

Prop . let ✗ be a top . space IN an open basis her X .

(a) U It fAu <⇒ tu UHAU
.

(b) Assure ✗ is Baire .

∅*
U it Be ⇔ V-V≤ UH # B) ,

where V -1-0 at c- U
.

(c) Assure ✗ is Baire .

UH Yun <⇒ k∅≠V≤U7∅≠w≤Vtn(WHAT

Proof
.

HW.


